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Some Applications of Direct Adaptive Control
to Large Structural Systems

I. Bar-Kana* and H. Kaufmant
Rensselaer Polytechnic Institute, Troy, New York

Direct multivariable model reference adaptive control applications are considered with three representative
examples of large structural systems such as beams, plates, and frames. Such applications have in the past been
shown to be feasible for multivariable systems provided that there exists a constant feedback gain matrix such
that the resulting input-output transfer function is (simply) positive real. This sufficient condition is satisfied in
large structural systems using velocity feedback when the actuators and the sensors are collocated. When velocity
and position feedback are used to allow position control of the structure, the positivity condition can be satisfied
if some amount of damping is assumed for the structure. In this paper, applications are considered for
regulation and for position and velocity control. All the systems used in examples are totally undamped, and in
some examples, the actuators and the sensors are not perfectly collocated, thus not satisfying the positive
realness conditions. Simulation results show satisfactory behaviors for both regulation and servo-following.

Introduction

THE need for adaptive control of large structural systems
(LSS) arises because of ignorance of the critical

parameters' value as well as of their operating environments.
One particular adaptive algorithift which seems suitable for
LSS is the direct multivariable model reference adaptive
control (DMMRAC) algorithm developed in Ref. 1 and
extended in Refs. 2-4. The reference model used with this
algorithm is defined to incorporate the design specifications
but it is quite free otherwise and need not be of the same order
as the plant.

It was shown that a sufficient condition to guarantee the
stability of the adaptive system is the existence of a constant
feedback gain matrix (not needed for implementation) such
that the resulting input-output transfer function is (simply
rather than strictly) positive real.2

This sufficient condition is satisfied in LSS only if velocity
feedback is used, when the sensors and actuators are
collocated even if the structure is totally undamped. If
velocity plus scaled position feedback is used, then positive
realness is satisfied if there exists sufficient damping and if the
sensors and the actuators are again collocated.

In this paper, applications are considered with regulation
and position control using either velocity or velocity plus
scaled position feedback. Examples with sensors and ac-
tuators not perfectly collocated are also considered. All the
examples use totally undamped structures, even though in
some cases the positive realness condition is not necessarily
satisfied.

The performance of the controller is evaluated for three
representative examples of large structural systems and is
shown to be quite acceptable, even though no a priori in-
formation about the controlled plant is used for im-
plementation.

Problem Formulation
The controlled plant is represented by

xp(t)=ADxp(t)+Bpiip(t) (1)
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and the plant output is required to follow the output of the
reference model

Xm(t)=Amxm(t)+Bmum(t) (3)

ym(t)=Cmxm(t) (4)

where it is possible to have

dim(xp)>dim(xm)

We represent the input command um(t) as the output of a
command generating system of the form,

um(t)=Cvvm(t)

(5)

(6)

The representation, Eqs. (5) and (6), is needed only for the
subsequent analysis. The matrices Av and Cv are unknown
and only measurement of the input um (t) is permitted. When
the plant output follows the output of the model the plant is
assumed to be moving along some "ideal trajectories" of the
form

x*p(t)=Xnxm(t)+Xnvm(t)

The state error is defined as

ex(*)=x*p(t)-xp(t)

and the output error is then

ey(t)=ym(t)-yp(t)=Cmxm(t)-Cpxp(t)

= Cmxm(t)-Cpxp*(t)=Cpex(tl

(7)

(8)

(9)

The adaptive algorithm generates the following plant con-
trol1: .

up(t)=K(t)r(t)=Ke(t)ey(t)+Kx(t)xm(t)+Ku(t)um(t)
(10)
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where

and

= [Ke(t) Kx(t) K u ( t ) ]

t)±[eT
y(t) xT

muT
m(t)}

K(t)=Kp(t)+K,(t)

Kp(t)=ey(t)rTT

KI(t)=ey(t)rT(t)T

(H)

(12)

(13)

(14)

(15)

T and T are positive definite adaptation gain matrices. The
differential equation of the state error is then

e x ( t ) = (Ap-BpKe(t)Cp)ex(t)-Bp(Kx(t)xm(t)

+Ku(t)um(t)+Ke(t)(Cmxm(t)-Cpx*p(t))]

-l(ApX11-XJ,Am)xm(t)

+ (APXI2 -X12AV -XnBmCv)vm (t) ] (16)

The following quadratic Lyapunov equation was used4 to
prove stability for Eqs. (15) and (16):

V=eT(t)Pex(t)+ti[S(KI(t)-K)T->(KI(t)-K)TST]
(17)

where

K= [Ke Kx Ku ]

and 5 is an arbitrary nonsingular matrix.
It can be shown that the derivative of Kis4:

V(t)=gl(t)+g2(t)+g3(t)

(18)

(19)
where

g, (t) = e?(P(Ap -BpKeCp) + (Ap -BpKeCp) TP]ex(t)
(20)

= -2eT
y(t)(STS)ey(t)rT(t)fr(t) (21)

=2(rT(t) Tr(t)ef(t)(STS) (CpXn-Cm)

+ rT(t)(K,(t)-K)(STS)(CpXI1-Cm)

-eT
x(t)PBp(KIe(t)-Ke)(CpXu-Cm)

-eT
x(t)P(ApXn -X,,Am +BpKx)]eA»>ld0 (22)

A sufficient condition for boundedness of all values in-
volved in the adaptation process and for the asymptotically
perfect model following is the existence of some positive
definite matrix P and of some constant gain matrix Ke (not
needed for implementation) such that

PBP = CT
P(STS) (23)

P(Ap-BpKeCp) + (Ap-BpKeCp)TP<0 (24)

Conditions in Eqs. (23) and (24) are equivalent to requiring
that the closed-loop input-output transfer function

Z(s) = Cp (sI-A+BpKeCp )-'Bp

be (simply rather than strictly) positive real.

(25)

If the condition of Eq. (24) is satisfied, then gt (t) in Eq.
(19) is negative semidefinite. By applying the Gr on wall-
Bellman inequality5 to Eq. (19), it can be shown4 that all state
errors, ex(t), gains, Kf(t), and output errors, e y ( t ) , are
bounded. In that case

^0 as t^

Since g 2 ( t ) is negative definite with respect to e y ( t ) 9 sub-
sequent application of LaSalle's Invariance Principle6 shows
that the system reaches its equilibrium state for ey (t) -*0 as
t-~oo.

Considering that the above conditions, Eqs. (23) and (24),
are sufficient but not necessary for insuring stability, the
DMMRAC will be used in the following cases, which include
systems that are not necessarily positive real:

1) Velocity feedback only, actuators and sensors
collocated, positive real conditions satisfied.

2) Velocity feedback only, actuators and sensors not
perfectly collocated, positive real conditions satisfied.

3) Velocity plus scaled position feedback, actuator and
sensor collocated, positive real condition, Eq. (24), not
satisfied.

4) Velocity plus scaled position feedback, actuators and
sensors not perfectly collocated. Positive real condition, Eq.
(24), not satisfied.

It is of interest to comment here that the subsequent ap-
plications of adaptive control require minimal information
regarding system structure. For example, in order to
guarantee asymptotic stability it must be a priori known that
the process is indeed output stabilizable and that it will, for
some feedback gain, (not needed for implementation) be
positive real. All the structures with collocated actuators and
sensors as considered in the next section satisfy these con-
ditions, and as a result the output errors and state norms are
shown under regulation to approach zero.

Although the issue of noncollocated sensors and actuators
is addressed by simulation in the first example, a complete
analysis of this effect, along with the influence of distur-
bances and sensor and actuator dynamics, is a topic of current
research which is addressed in the Conclusion.

Application of DMMRAC in Large Structural Systems
DMMRAC algorithms are used to design controllers for

three different structures: an eight-state beam,8 a 24-state
plate,9 and a 30-state truss.10 All the structural models are
totally undamped.

The large structural model used in the subsequent
simulations can be defined by the following matrices

Ap =
0 I

-A -2zA"
(26)

(27)

where

' A=diag(X/,\2,...,XB); \,<\2...<\n (28)

and where z is the damping coefficient. If only velocity output
is measured, then

Cp=(0 (29)

If velocity plus scaled position is measured, then

Cp=[aC2 C2] (30)



NOV.-DEC. 1984 DIRECT ADAPTIVE CONTROL OF LARGE STRUCTURAL SYSTEMS 719

The reference model is a reduced order model described by

0 /

-Aw -2zw

0

Cm=[otCm2

(3D

(32)

(33)

It can be shown that the ppsitivity conditions can be satisfied
with velocity control, Eq. (29), if the sensors and the actuators
are collocated, i.e., if

(34)

When position control is desired and thus, velocity plus scaled
position is measured, per Eq. (28), the positive realness
conditions can only be satisfied if some amount of damping is
assumed to exist U>0), and in that case the scaling of the
position is limited4'7 by

a < min (35)

However, in the subsequent computer simulations the
plants are all totally undamped (z=0); despite this, a feed-
back signal equal to position plus velocity (i.e., a=l) was
considered for use in the adaptive algorithm.

Eighth-Order Regulation and Servo-Following Example
An undamped eighth-order, two-output representation of a

normalized 1 m simply supported beam7 was considered for
adaptive controller design* The beam is defined by the
matrices:

Two actuators and two sensors were correspondingly
collocated at dt =0.29 and d2 =0.84, and the algorithm used
velocity plus position feedback (a= 1). The input and output
matrices are then

BP = B2

with
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Fig. 2 Beam regulation: position outputs at second sensor.
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Fig. 3 Beam regulation: position state vector norm.
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Fig. 4 Beam servo-tracking: position output at first sensor.
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Fig. 1 Beam regulation: position outputs at first sensor.
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Fig. 5 Beam servo-tracking: Position output at second sensor.
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and

The reference trajectories were defined by a fourth-order
model containing the first two plant modes 'and with a
damping ratio of 0.80.

The initial conditions are

jcj(0) = (0. 1 0.05 0.05 0.03 0.0 0.0 0.0 0.0)

and for the model

= (6.10.050.00.0)

The beam was tested for both regulation and servo-
following with the adaptation gain matrices T and T7, defined
in Eqs. (14) and (15), selected as follows:

r=diag(100.0 100.0 10.0 10.0 10.0 10.0 4.0 4.0)

f=diag(40.0 40.0 10.0 10.0 10.0 10.0 4.0 4.0)

The results of the regulation tests are represented in Figs.
1-3. The position outputs at the measuring points are
represented in Figs. 1 and 2 and the position state vector
norm, namely (x2

pl + X2
p2 + X2

p3 + x2
p4) l/2 is represented in Fig.

3. Observations show good position output following with all
modes asymptotically stable.

A two-input sinusoidal command was then used for the
servo- folio wing test. The frequencies of the waves were
initially 6 c/s and 4 c/s and were abruptly changed after 3 s to
30 c/s and 20 c/s. The position outputs are represented in
Figs. 4 and 5 and the input commands are represented in Figs.
6 and 1. Observations show an acceptable servo-tracking,
following a period of adaptation of less than 1 s. The sensors
were then separated from the actuators and moved to
d3 =0.25 and d4 = 0.76. The corresponding matrix was

0.707 1.0 0.707

0.684 -0.684 0.770

0.253 X l O ~ 5

-0.1253

which satisfies the relation of Eq. (23) but not necessarily of
Eq.(24).

The results of the regulation test using velocity feedback
only are represented in Figs. 8-10. The position outputs at
sensor placements are represented in Figs. 8 and 9 and the
total position state vector norm appears in Fig. 10.

The results of the regulation tests using velocity plus
position feedback are represented in Figs. 11-13. The position

5.00

1.00

-1.00

-5.00
0.00 2.00 4.00

TIME (sec)
6.00

outputs at sensor placements can be seen in Figs. 11 and 12
and the position state vector norm appears in Fig. 13.

Observations for both tests with noncollocated sensors and
actuators indicate good stabilization properties although the
positive realness property is only satisfied when pure velocity
feedback is used.

20-State Aluminum Plate Example
An undamped 20-state (10-mode), two-output represen-

tation of a 1.5x1.5 nij 1.5-mm-thick, simply supported
aluminum plate9 was also used for regulation and control.
The plate is represented by the matrices

A = diag(65.9 412.0 412.0 1055.0 1649.0

1649.0 2771.0 2771.0 4751.6 4751.6)

10.00

2.00

-2.00

-10.00
0.00 2.00 4.00

T I M E ( s e c )
Fig. 7 Second input command.
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Fig. 8 Beam regulation with velocity feedback. Uncollocated sensors
and actuators: position outputs at first sensor.
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Fig. 6 First input command.
Fig. 9 Beam regulation with velocity feedback. Uncollocated sensors
and actuators: position outputs at second sensor.
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and
0.326 0.4367 -0.1357 0.1816 -0.270 0.2581 -0.107 -0.361

0.248 -0.0913

0.4246 0.0888 0.2625 -0.0549 -0.2625-0.406 -0.250 -0.0549

-0.4246 -0.1737

The reference trajectories were defined by a fourth-order
model containing the first two plant modes and with a
damping ratio of 0.80. The adaptation gain matrices are

T=(1000.0 1000.0 100.0 100.0 100.0 100.0

40.0 40.0) '

f=(100.0 100.0 10.0 10.0 10.0 10.0 4.0 4.0)

The position outputs at sensor placement are represented in
Figs. ' 14 and 15 and the position state vector norm is

0.12

cro

CO

0.00
0.00 1.00 2.00

TIME (sec)
3:00

Fig. 10 Beam regulation with velocity feedback. Unallocated
sensors and actuators: position state vector norm*

0.10

Q_
>-

0.00
MODEL

PLANT

0.00 1.00 2.00
TIME (sec)

3.00

Fig. 11 Beam regulation with velocity plus position feedback.
Unallocated sensors and actuators: position output at first sensor.
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Fig. 12 Beam regulation with velocity and position feedback. Un-
collocated sensors and actuators: position output at second sensor.

represented in Fig. 16 for the regulation test. The results are
comparable with those of Ref. 9. However, because velocity
plus position feedback is now being used, it is also possible to
control the final shape of the plate.

Servo-tracking of two-input sinusoidal wave, represented in
Figs. 6 and 7, was also tested. The position outputs at sensor
placements are represented in Figs. 17 and 18.

24-State Tetrahedral Truss Example
A 24-state (12-mode), three-output tetrahedral truss,

designed by K. Soasaar and P. Strunce of the Charles Stark
Draper Laboratory (GSDL), and used in Ref. 10 for Robust
Control Design, is also used here as an example of a complex
large structural system. However, we assume in this paper
that the parameters are totally unknown and the controller is
designed through the adaptive procedure of Eqs. (10-15). The
truss is represented by the matrices:

A = diag(1.80 2.70 8.36 8.75 11.5 17.7

21.7 22.6 72.9 85.9 106.0 167.0)

0.16

cr

UJ

0.00
0.00 100 2.00

TIME (sec)
3.00

Fig. 13 Beam regulation with velocity and feedback. Uncollocated
sensors and actuators: position state vector norm.
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-0.06
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Fig* 14 Plate regulation: position output at first sensor.
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0.289 -0.369
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model in three different points. The adaptation gain matrices
are

T= [1000 1000 1000 4 4 4 4 4 4 2 2 2 ]

f = [ 5 5 5 4 4 4 4 4 4 2 2 2 ]

Combined velocity plus position feedback is used to stabilize
and control the truss.

The position outputs at sensor placements are shown in
Figs. 19-21, and the position state vector norm is represented
in Fig. 22 for the regulation test. The position outputs at
sensor placements for the servo-control test are represented in
Figs. 23-25.

The stabilization and the asymptotic model following
properties of the adaptive algorithm are clear. The longer
duration of the oscillations in Figs. 19 and 20, compared with
Fig. 21, is due to the relative magnitude dominance of y3 over
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Fig. 15 Plate regulation: position output at second sensor.
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Fig. 17 Plate servo-following: position output at first sensor.
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Fig. 18 Plate servo-following: position output at second sensor.
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Fig. 16 Plate regulation: position state vector norm. Fig. 19 Truss regulation: position output at first sensor.
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Fig. 20 Truss regulation: position output at second sensor.
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Fig. 23 Truss servo-following: position output at first sensor.
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Fig. 21 Truss regulation: position output at third sensor.
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Truss regulation: position state vector norm.

60.00

yl and y2. In this case, the state norm which can be seen in
Fig. 22 is probably more representative of the overall system
performance.

Conclusions
In this paper, direct adaptive control methods were used to

design controllers for some large structural systems. The
dimension of the reference model may be very small, relative

0.00 10.00 20.00
TIME (sec)

30.00

Fig. 24 Truss servo-following: position output at second sensor.
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Q_
ro

ro

-0.06

0.00 10.00 20.00
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30.00

Fig. 25 Truss servo-following: position output at third sensor.

to the dimension of the plant, and the implementation of the
algorithm is very simple. No a priori knowledge other than the
fact that the structure can be made positive real by some
feedback gain (not needed for implementation). Results seem
to confirm that the method has a large domain of feasibility
which can be extended beyond the class of systems which
satisfy the (sufficient) condition of positive realness. This
property makes it possible to have both position and velocity
control of LSS and also, for a limited number of modes, to
control a structure, even though the sensors and the actuators
are not perfectly collocated.

It should be noted that the general analytical treatment of
systems with disturbances and which are output stabilizable,
but not positive real, is currently under consideration. Results
to date11'12 show that for such systems a somewhat modified
adaptive algorithm will give bounded input-bounded output
stability with the size of the error bounds controllable with
certain adaptation weighting parameters. Application of these
results to more realistic large structural systems with actuator
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and sensor dynamics and random disturbances is currently
being investigated and should be reported on in the future.
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